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We evaluate a non-perturbative QED contribution to the electron g− 2 which comes from virtual
positronium. We find it to be 1.3(α/pi)5 ≃ 9.0 × 10−14. This value is comparable to the five-
loop contribution of usual perturbative calculation, and several times larger than the electroweak
correction.
PACS numbers: 11.10.St, 12.20.Ds, 13.40.Em, 14.60.Cd
INTRODUCTION
One of the best agreement between measurement and
theory comes from the anomalous magnetic moment
(g−2) of electron. It was first observed in precision spec-
troscopy of various atoms [1], [2], [3] in 1947, and first
calculated based on quantum electrodynamics (QED) [4]
in 1948 (FIG. 1). Since then, the electron g − 2 has
played a central role in testing the validity of QED. At
present, the theoretical prediction based on the standard
model consists of three parts – the dominant QED contri-
bution, small hadronic correction, and tiny electroweak
correction (TABLE 1). Recently, the five-loop calcula-
tion of QED was completed [5], and the hadronic cor-
rection [6], [7] and the electroweak correction [8] are also
evaluated very precisely. In fact, the dominant theoret-
ical uncertainty comes from parameter determination of
the fine structure constant [9], and its current relative
uncertainty is 6.6 × 10−10. On the experimental side,
the relative uncertainty of the current measured value is
2.4× 10−10 [10], which is several times smaller than that
of theory.
Due to its great precision, the electron g− 2 is used to
constrain new physics models beyond the standard model
[11], [12], [13]. These studies rely on the premise that
the calculation based on the standard model is already
settled. However, it is worth reconsidering the standard
model prediction more delicately because apparently neg-
ligible contribution can compete with current precision,
which is greatly improved in recent years.
In this letter, we discuss a hitherto neglected QED
contribution to the electron g − 2, which originates from
non-perturbative effect on vacuum polarization. Vacuum
polarization is generated by virtual pair creation of elec-
tron and positron, and if these two particles are bound,
FIG. 1. Feynman diagram corresponding to the leading con-
tribution to the electron g − 2.
then they appear as one stable particle – positronium.
Virtual positronium contribution never arise in the tra-
ditional perturbation expansion from the tree level ap-
proximation and we need some resummation. We argue
that the bound state contribution calculated in this let-
ter is distinct from the perturbative contribution of finite
order, therefore we need to add both contributions.
CALCULATION
Here we consider QED of photons and electrons only.
The vacuum polarization function is defined as
iq2Π(q2)Qµν ≡
∫
d4x eiqx〈0|T{jµ(x)jν (0)}|0〉1PI (1)
where jµ(x)=−eψ¯(x)γµψ(x) is the electromagnetic cur-
rent, Qµν = gµν − qµqν/q2 is the projection matrix,
and the subscript “1PI” means that the one-particle-
irreducible parts are evaluated. For the definitions and
the notations, we follow ref.[14]. In the ordinary pertur-
bation theory, the vacuum polarization function are ex-
panded in terms of the fine structure constant α ≃ 1/137,
and these contributions to the electron g − 2 are studied
very precisely [5], [15], [16]. However, if the electrons
in the loop of the ladder diagrams (FIG. 2) are non-
relativistic, the propagators of those electrons provide
an enhancement factor α−1 which cancels the pertur-
bation parameter [17]. In this case, we cannot rely on
the usual perturbation theory truncated to some fixed
finite order. Instead, we have to resum ladder diagrams
[18], and the resummation of ladder diagrams generates
the bound state of electron and positron [19], [20]. This
means that there is a mixing between the photon and the
positronium.
The vacuum polarization function acquires additional
poles at the masses of the positronium states from the
FIG. 2. Ladder diagrams appearing in the electron loop of
the vacuum polarization correction.
2FIG. 3. Branch cut and singularities of Π(q2) in the complex
plane of q2. The branch cut is present in ordinary perturba-
tion calculation, and the singularities are generated form the
bound state effect.
non-perturbative effect explained above. In FIG. 3, the
branch cut and the poles of Π(q2) are shown as a function
of q2. As usual, there is a branch cut running form q2 =
4m2e to the infinity. Positronium is described as singular
points below the mass threshold 4m2e, and their positions
are q2 =M2N− iMNΓN , whereMN , ΓN are the mass and
the decay width of the positronium state N , respectively.
There are infinite number of excited states of the
positronium and among them, spin-triplet s-wave states
have the largest mixing with photon. Considering the
conservation of angular momentum, states with total an-
gular momentum j 6= 1 cannot mix with photon, then the
candidates for mixing are spin-singlet p–waves or spin-
triplet s–waves. In order to mix with the photon, elec-
tron and positron have to meet at zero separation, and
this means that the value of the wave function at the
origin is related to the magnitude of mixing. The wave
functions of p–waves are highly suppressed at the origin
compared to those of s–waves, so we concentrate on the
mixing between photon and spin-triplet s-wave states of
positronium in the following.
With the mixing with positronium explained above,
the photon propagator acquires additional term
Π(q2) ∼
Znq
2
q2 −M2n + iMnΓn
(2)
where Zn is a mixing factor. Note that we can label the
relevant states by one index n, the principal quantum
number. Here and in the following, X ∼ Y denotes that
X is equal to Y near q2 ≃ M2n, i.e., except the regular
parts. The masses of the positronium are expressed as
Mn = 2me −En where En is the binding energy. To the
leading order of α, En = α
2me/4n
2. The decay width of
the n = 1 state corresponds to the three-photons decay
of ortho-positronium, Γ1 = 2(pi
2 − 9)α6me/9pi [21]. For
higher excited states, the decay width is not well known
but here we assume Γn ≪ En. In order to get an explicit
form of Zn, let us consider the right hand side of eq.(1)
〈0|T{jµ(x)jν(0)}|0〉
= θ(x0)〈0|jµ(x)jν(0)|0〉+ θ(−x0)〈0|jν(0)jµ(x)|0〉 (3)
where θ(x0) is the step function. Then we insert the
complete set of the spin-triplet positronium states
1 ∼
∑
n,σ
∫
d3p
(2pi)3
1
2En,p
|n,p, σ〉〈n,p, σ| (4)
between two current operators. In the eq.(4), En,p is the
energy of the positronium with mass Mn and momen-
tum p, σ is the polarization of the positronium, and the
positronium one-particle state is
|n,p, σ〉 =
∫
d3k
(2pi)3
√
En,p
2E1E2
φ˜n(k)|k1,k2, σ〉. (5)
The right hand side is expressed by the states of electron
positron pair, with momentums k1 = k + p/2, k2 =
−k+p/2, energies E1, E2, and the spin configuration of
the two particles is σ. The excitation of the positronium
is described by φ˜n(k), the Coulomb wave function of nS
state in the momentum space. The insertion of eq.(4)
into 〈0|jµ(x)jν (0)|0〉 leads to [22]
〈0|jµ(x)jν(0)|0〉
∼
∑
n
8piα|φn(0)|
2
∫
d3p
(2pi)3
(
gµν −
pµpν
M2n
)
e−ipx (6)
where φn(0) is the wave function at the origin in the
coordinate space. Note that the positronium states are
on-shell. The factor
(
gµν − pµpν/M2n
)
comes from po-
larization sum of the positronium states, and it ensures
the gauge invariance at p2 = M2n. Substituting eq.(6)
into eq.(3) and using the integral expression of the step
function
θ(x0) = −
∫
∞
−∞
dω
(2pii)
e−iωx
0
ω + i0+
, (7)
we get the bound state contributions to the vacuum po-
larization function
Π(q2) ∼
∑
n
16piα|φn(0)|
2En,p
M4n
q2
q2 −M2n + i0
+
. (8)
We use non-relativistic approximation to the positron-
ium En,p ≃ Mn because the dominant contribution to
the electron g−2 comes from non-relativistic momentum
region. Taking the width Γn into account and comparing
the eq.(2) with eq.(8), we finally obtain [23]
Zn =
16piα|φn(0)|
2
M3n
≃
α4
4n3
. (9)
Now, calculating the positronium contribution to ae =
(g − 2)e/2 is straightforward [24] and the result is
∆ae =
α
pi
∑
n
[
Zn
∫ 1
0
dz
z(1− z)2m2e
zM2n + (1− z)
2m2e
]
(10)
=
α5
4pi
ζ(3)× 0.045 (11)
≃ 9.0× 10−14. (12)
3DISCUSSION
In this section we show that the result of eq.(12) is dis-
tinct from perturbative contribution, and is not doubly
counted in the finite order ladder diagrams. Two ways
to show that claim are given.
The first argument goes as follows. Let us express the
vacuum polarization contribution to ae as [24]
∆ae = −
α
pi2
∫
∞
−∞
ds
ImΠ(s)
s
∫ 1
0
z(1− z)2m2edz
zs+ (1 − z)2m2e
. (13)
In the perturbative approach, the imaginary part of Π(s)
is nonzero only when s ≥ 4m2e (FIG. 3). On the other
hand, as we can see from eq.(2) the imaginary part cor-
responding to the positronium comes from the singular
point below s = 4m2e. The distance between the singular
point and the edge of the branch cut is about 4meEn,
but most of the contribution of the positronium comes
from the range of 2meΓn around the pole and Γn ≪ En.
Therefore the bound state contribution can be considered
to be isolated from the perturbative one.
The other way goes as follows. What we have done
in the previous section is equivalent to summing ladder
diagrams using Bethe-Salpeter equation [19], [20]. It is
graphically expressed as FIG. 4. The important point
is that the result of eq.(12) comes from the residue of
Π(q2) at q2 = M2n, and the residue is not influenced by
diagrams of finite order. For example, let us remove first
two ladders from the upper equation of FIG. 4, and con-
struct Bethe-Salpeter equation which begins with triple
ladder diagram (FIG. 5). Even in this case, the result is
completely the same as eq.(12). In order to understand
this fact with the simplest toy model, let us consider an
=
=
K
K
FIG. 4. Bethe-Salpeter equation beginning with single ladder
diagram. The gray box K represents the two-particle Green
function which includes ladder diagrams only. The poles of
K below the mass threshold corespond to the bound states.
=
=
K’
K’
FIG. 5. Bethe-Salpeter equation which begins with triple lad-
der diagram. The two-particle Green function K′ is different
from K of FIG. 4, but has same poles and residues as K.
infinite sum with a perturbation parameter a
f(x) =
a
x
+
a2
x2
+
a3
x3
+ · · ·
=
a
x− a
, (14)
which has a pole at x = a and the residue is a. Now, re-
move first ten terms, for instance, then the sum becomes
f ′(x) =
a11
x11
+
a12
x12
+
a13
x13
+ · · ·
=
(a
x
)10 a
x− a
. (15)
We can find that the residue at x = a is unchanged. In
short, if we concatenate only on the singular part, the
first few orders of the infinite sum is irrelevant. Poles
and residues are generated from the operation of “in-
finite sum” itself. This is why the contribution from
positronium is distinct from the contribution from the
perturbation of “finite” order.
Our contribution (12) is of order α5, but it came from
a non-perturbative effect. Perturbation theory produces
terms of the form αn, but not all terms of the form αn
are produced by perturbation theory alone.
Finally, let us estimate the uncertainty of our result.
What we discussed in this latter is the leading contribu-
tion of the virtual positronium, and there are radiative
corrections to it. However those contributions are sup-
pressed by an extra factor (α/pi) and supposed to make
little effect. If we consider (α/pi)6 order, there is another
contribution which is topologically different from the vac-
uum polarization correction. Other source of uncertainty
is relativistic correction to Mn and φn(x) but these are
all suppressed by α. Also we have to comment on the
assumption Γn ≪ En used above. This condition is sat-
isfied for small n but we cannot assure that this holds for
all excited states of the positronium. Fortunately, the
higher excited states contribute not so much to ae be-
cause they are suppressed by the factor n−3. All these
taken into account, we set conservative estimate of 0.1 as
the relative uncertainty.
CONCLUSION
We show that there is a new contribution to the elec-
tron g − 2, which originates from the virtual positron-
ium propagation. This contribution can be distinguished
from ordinary perturbative one. In the TABLE 1, we
summarize the standard model prediction of ae and com-
pare it with the measured value. The non-perturbative
QED contribution we estimated in this letter is about one
order of magnitude smaller than the current theoretical
uncertainty but larger than the electroweak contribution.
Works are in progress for a reduction of the uncertain-
ties of both theory and experiment [12], so this virtual
positronium effect may become visible in the future.
4value (×1014) uncertainty (×1014) references
perturbative QED 115 965 218 007 77 [5]
non-perturbative QED 9.0 0.9 this work
hadronic 167.8 1.4 [6], [7]
electroweak 3.0 0.1 [8]
standard model prediction 115 965 218 187 77
measurement 115 965 218 073 28 [10]
difference 114 82
TABLE I. Summary of the standard model prediction of ae. The fifth line is the total of first four contributions. For comparison,
we list the measured value and the difference between them. The uncertainty of the difference is the geometric mean of the
theoretical uncertainty and the measured uncertainty.
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Appendix
The bound state effect on the muon g− 2 is calculated
in exactly the same way as that of electron, and the result
is
∆aµ = 9.6× 10
−13, (16)
which is about two orders of magnitude smaller than the
current theoretical and experimental uncertainty.
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